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Sound Generation by Rotor-Vortex Interaction in Low Mach
Number Flow
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The primary components of helicopter noise consist of periodic, impulsive sound waves generated by vortex
filaments which—after separation from the tip of rotor blades—interact with the following rotor blades (BVI,
blade-vortex interaction noise) or are chopped by the tail rotor. During the unsteady interaction of rotor blades
with vortex filaments, additional vortex sheets separate from the trailing edge of the blades (Kutta condition).
This article deals mainly with two problems concerning the prediction of aerodynamic sound generation: 1) the
contributions to the BVI sound field due to unsteady separation of vortex sheets at sharp trailing edges; and
2) the effects on the predicted sound field due to simplifications concerning the description of the motion of the
vorticity, e.g., due to a frozen-field assumption. The general considerations are illustrated by numerical results
obtained for simple flow geometries. They show that especially the sound radiated in mean flow direction depends
sensitively on the approximation introduced, and that neglecting the Kutta condition and/or the frozen-field
assumption will yield incorrect results.

Nomenclature

a = radius (z-plane)
a() = speed-of-sound
b{ = dipole moment
2c = coordinate of the trailing edge of the

airfoil in die £-plane
G = Green's function
G = Green's vector function
g = vector function
L = actual chord length of the airfoil
M = U0/aQ Mach number
p = pressure
T, f = time coordinate
t/H = velocity at the trailing edge of the airfoil
U() = mean velocity
u = velocity
w = vorticity
X, X = space coordinates
jt, y = space coordinates
Y,, / = 1, 2, 3 = normalized flow potentials
z = complex coordinate (transformed plane)
ZM = center of transformed Joukowski profile
F = circulation
y = F/LU0 = nondimensional circulation
8 = Dirac function
£ = complex coordinates (physical plane)
p() — ambient density
T = time
cf) = flow potential
ilj. = two-dimensional stream function

Subscript
k,m = summation indices (number of vortices)
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I. Introduction

A ERODYNAMIC noise generation due to the interaction
of unsteady flow with rigid bodies becomes increasingly

important as one of the major sources of flow noise. Well-
known examples include free jets, which may interact with
the landing flaps of an aircraft, or tip vortices separated from
rotor blades of a helicopter which either interact with the
following blades or are chopped by the tail rotor. During the
unsteady vortex-rotor interaction (which affects the lifting
force acting on the rotor blades), vortex sheets separate from
the trailing edges of the rotor in such a way that the velocity
field and the pressure distribution behave regularly at the
trailing edges. The flowfield fulfills a Kutta condition (K.C.)
at the trailing edge.

The general geometry of such a flowfield is very complex
and highly three-dimensional and there are still many unre-
solved questions left with respect to aerodynamic sound gen-
eration. This article will emphasize the basic mechanisms of
sound generation as far as they are connected with blade-
vortex interactions (BVI), especially the effects on the sound
field due to an imposition of the Kutta condition and due to
the simplifying frozen-field assumptions for the motion of the
vorticity are discussed, but this article will not deal with tech-
nical aspects, they were previously outlined in a survey paper
by Leverton.1

Despite the fact that the basic equations of fluid motion
can be replaced by an integral equation (which was inde-
pendently derived by Mohring et al.2 and by Ffowcs Williams
and Hawkings3), an adequate analytical description of these
problems seems to still be beyond the present possibilities.
An evaluation of that equation for the flow geometry of ro-
tating blades of a helicopter in flight seems promising only in
terms of numerical calculations which require detailed knowl-
edge of rotor aerodynamic loads and flowfield information to
predict the noise.

The incoming vorticity has often been modeled in the lit-
erature by shear waves which pass the rotor blade with con-
stant mean velocity. Mathematically, this approximation im-
plies that the basic equations of motion are linearized with
respect to the unsteady flow contribution by the incoming
vorticity. This scheme then allows for the derivation of a
linear-convected wave equation for the acoustic pressure field
where the convective terms depend only on the steady mean
flow around the airfoil.4 To elaborate on the effect and short-
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comings of this specific simplification and to understand the
basic mechanisms of aerodynamic sound generation, we will
concentrate on simple flow geometries.

For that purpose all typical flow velocities are assumed to
be small compared with the speed-of-sound, and all typical
flow lengths small compared with the wave length of the gen-
erated sound field. This kind of flowfield is called "acousti-
cally compact," furthermore, the part of the flowfield close
to the airfoil is called the inner-flow region. Mathematically,
this inner-flow region can be described by the incompressible
approximation of the equations of fluid dynamics.

The far-field or the outer-flow region, where acoustical
properties of the flow are dominant, is described by a linear
convected wave equation. For acoustically compact flows the
corresponding solution of the wave equation can be deter-
mined completely from the knowledge of the far-field expan-
sion of the incompressible approximation of the inner-flow
region, as has been shown before by means of the method of
matched asymptotic expansions.2-5-6

In the case of blade-vortex interaction, a dipole-like sound
field is expected during the time vorticity passes the airfoil.
Furthermore, in low Mach number flow that dipole-like source
distribution appears to be fixed at the center of the airfoil for
observation points in the sound-field region.

In the following, the investigation is confined to the inner
solutions of the pressure fluctuations and of the vortex motion
only; the corresponding sound field will not be discussed in
detail. Flow noise caused by two-dimensional line vortices
moving in the mean flow of a two-dimensional airfoil where
the axes of the vortex and the airfoil are perpendicular or
parallel to each other is investigated in detail. In the latter
case, the question of how the fulfillment of a K.C. at the
sharp trailing edge of the airfoil (which implies the separation
of a vortex sheet) might affect the motion of the vortices and
the generated sound field is addressed.

This question has been investigated both experimentally
and theoretically before (e.g., Refs. 7-9). Furthermore, the
corresponding flow along a semi-infinite plate instead of a
flow around an airfoil has been discussed.10'12 Howe12 claims
that in the case of a K.C. fulfilled at the trailing edge of the
plate, the generated sound field turns out to be identical with
the one produced by corresponding vortices moving along an
infinite wall; i.e., he claims that the typical monopole-dipole-
like sound field with its cardioid-like directivity vanishes if
the K.C. is fulfilled. This statement, however, is not com-
pletely correct. It is correct only if one additionally assumes
that all vortices (i.e., the primary vortices as well as the vortex
sheet separating from the trailing edge of the plate) move
with the same constant mean flow velocity parallel to the
plate. But this is an additional requirement that is known as
the frozen field assumption. It cannot be deduced from the
K.C. and in reality it is not fulfilled. In a recent article Howe13

discussed the interaction of a single vortex with a two-
dimensional airfoil in low Mach number flow where the axes
of the vortex and the airfoil are no longer parallel. Here it is
again assumed that the incoming vortices as well as the vor-
ticity shed from the sharp trailing edge are convected by the
mean flow. The limits of such an assumption will be discussed
in more detail.

In the first section a vortex theory of aerodynamic sound
generation14-15 was developed and is shortly summarized. This
theory is then applied to the blade-vortex interaction in Sec.
III. Here, the sound generation by vortices whose axes are
parallel to a rotor blade is discussed in detail, including the
effects due to the fulfillment of a K.C. at the sharp trail-
ing edge of the rotor blade and to the frozen-field assump-
tion, respectively. Finally, numerical results are presented in
Sec. V.

II. Theory
As has been shown by Mohring14 and Obermeier,15 the

incompressible approximation of the pressure fluctuations in

the inner-flow region depends linearly on the vorticity vari-
ations

with

p + u\2 = I G.— curi u

grad G = curl G + g

Here all flow quantities have been rendered dimensionless
in terms of the chord length L of the airfoil, U0 at infinity,
and p0. G is the ordinary Green's function for the Laplace
equation which accounts for the boundary condition dG/dn =
0 at the surface of the airfoil, g is a function which has to be
chosen in such a way that

I (u x curl u)-g dV = 0

Due to Howe13 G may be approximated for low Mach num-
ber flow very elegantly by

where the components Yh i = 1, 2, 3, describe three nor-
malized potentials of stationary flows in xf direction, respec-
tively, around the body in question. The corresponding G can
be determined explicitly as well.16

This general theory becomes particularly simple for three-
dimensional vortex flows around two-dimensional cylindrical
bodies which extend (for instance in x3 direction) to infinity.
We get

lim G = [ ~ , x,fa(y)
1

(2)

where i/ry(y) are two-dimensional stream functions of a poten-
tial flow around the cylindrical body in Xj direction, j = 1,2.

Introducing Eq. (2) into the general representation for the
pressure field one obtains

P = 47T\X\ dr (3)

where w3 = (curl u)3. All other terms cancel. Consequently,
only the component of the vorticity, which is parallel to the
axis of the cylindrical body, contributes to the sound field.
Furthermore, the pressure fluctuations depend exclusively on
the rate at which the *3-component of the vorticity crosses
the streamlines fa = const. This outcome allows two already
important conclusions. First, there would be no radiation into
the mean flow direction—where the actual streamlines of the
mean flow coincide with fa = const—if the vorticity is ac-
cepted to be convected along il/l = const. Second, if it is
assumed that the vorticity passes the airfoil with constant
velocity on straight trajectories (frozen field) it would cross
the streamlines fa at a rate different from the actual one and,
consequently, would yield a wrong sound field. This outcome
is valid regardless of whether the vorticity is given by single
incoming vortices or by a turbulent gust often described math-
ematically in terms of shear waves.

III. Blade-Vortex Interaction
The general theory to helicopter blade-vortex interaction

noise is now applied. Here we will concentrate on two cases:
1) In Fig. 1 a rotor cuts normal through a vortex. In this

case only a small portion of the blade interacts with the vortex,
the overall effects on the blade (and, consequently, on the
sound generation) should be small.
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Fig. 1 Vortex chopping; the axis of the approaching vortex is per-
pendicular to the axis of the airfoil.

,
(Qj

vortex

(X,) airfoil

Fig. 2 Two-dimensional blade-vortex interaction; the axes of the vor-
tex and airfoil are parallel.

2) In Fig. 2 a rotor blade moves nearly parallel to the axis
of the vortex and, therefore, interacts in its full length with
the vortex. It seems reasonable that this case is the more
important one with respect to aerodynamic sound generation.

A. Vortex Chopping
The first problem was only recently discussed in detail by

Howe13; this investigation was based on Powell's approach,17

which was extended in 1975.12 In fact, the following vector
product is used

L = u x curl u

as a source term and, in addition, an ordinary Green's func-
tion tailored to the flow geometry in question.

Based on the general results [Eq. (3)], two different mech-
anisms of sound generation can be identified:

1) If the incoming line vortex has an axial (x2) velocity
component, which depends on the radial direction, then its
vorticity has an azimuthal component and, consequently, a
component in the x3 direction which directly causes pressure
fluctuations. Furthermore, the vortex will also be deformed
due to the interaction with the airfoil which leads to additional
contributions to the x3 component of the vorticity and, there-
fore, to the radiated sound field.

2) The component of vorticity of the approaching vortex
(which originally may point in the x2 direction), is deformed
due to the thickness of the airfoil and by the velocity induced
by the primary deformation of the vortex line. These two
effects also lead to a vorticity component in x3 direction and,
consequently, give rise to pressure fluctuations.

B. Two-Dimensional Blade-Vortex Interaction
The case where the axis of an incoming vortex is parallel

to the airfoil (Fig. 2) can be handled in a similar way by our
general theory. Here, it is important to emphasize that the
sound radiation normal to the mean flow direction depends
linearly on the vorticity of the incoming vortex while the
radiation in flow direction increases quadratically with the
vortex strength. Therefore, in many applications, the latter
one is an order of magnitude smaller than the first one. Finally
the fulfillment of the Kutta condition at the trailing edge is
of some importance as well.

As mentioned before, the interaction of the incoming vor-
tex with the airfoil leads to the vortex sheet separating from
the sharp trailing edge of the airfoil in order to avoid singu-
larities in the pressure and velocity distribution. This unsteady

vortex sheet is modeled by a series of line vortices. Such a
simplification is justified as long as one is only interested in
the flow close to the airfoil where instability effects of the
vortex sheet are still of secondary importance.

It is assumed that an incoming vortex with the dimensionless
circulation y(), which moves in a superimposed mean flow
along the trajectory XO(T) = [XIO(T), X2()(r)] around the air-
foil, has been generated long before we start our actual cal-
culation. Hence, it seems reasonable to choose the circulation
y of an undetermined steady flow around the airfoil, which
formally is due to a vortex fixed at the center of the airfoil,
in such a way that the K.C. at the trailing edge is fulfilled for
T — » -°°. In the case of an airfoil at zero angle of attack this
assumption implies that y = y(). Next, it is assumed that at
time r = 0, when the actual calculation is started, the gen-
erated vortex sheet can be modeled by a single vortex yl close
to the trailing edge in Xl = (2c + WHkr, 0). Here (Xl =
2c, X2 = 0) is the location of the trailing edge, UH(T) is the
regular velocity in the mean flow direction at the trailing edge,
and AT is the time step of the calculations. Here, one could
discuss whether it may be more reasonable to replace the
factor i by i or any other similar value, however, differences
in the results obtained for the far-field pressure distribution
are small.

For each following time step AT an additional vortex with
the circulation yn is introduced into the flow at Xn = (2c +
iL^Ar, 0), n = 2, 3, . . . , whereby yn is determined in such
a way that the total flow, consisting of n + 2 vortices and the
mean flow, fulfills the K.C. at the sharp trailing edge of the
airfoil. Consequently, after each time step the number of
vortices increases by one. Furthermore, after a vortex is in-
troduced into the flow, it moves only in accordance with the
governing flow equations which will be given below.

To simplify the analysis, a symmetric Joukowski airfoil has
been used. According to the classical wing theory, such an
airfoil in the complex f-plane may be obtained by conformal
mapping of the displaced circle k: (\z - ZM\ < a) in the
complex z-plane

= z + — with + iX2

Here c — a + ZM is a transformation coefficient, a is the
radius of the circle, and ZM its center. As the dimensionless
chord length of the airfoil is one a is given by

a = 0.125 + iVO.00625 - ZM

Now, due to the present modeling of the flow and of the
vortex sheet, the vorticity distribution is given by

curl u = \ 0, 0, X 7k8[£ ~
I k

Therefore, there exists a flow potential

</> = \ ( z - ZM)

_J_ y
' ~ • z_-/ Jk

with

(4)

' a2 - (zk - ZM)(Z - ZM) (5)

zk are the positions of vortices in the z-plane, the bar indicates
conjugate complex values. The pressure field is given by

p = - \ Igrad Re(<«|2 (6)
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Introducing Eq. (5) into Eq. (6) one obtains for the far-field
approximation

with

1 3 &
^r-.— Z2m dr k-o zk - ZM

_ (7a)

(7b)

Consequently, the first term in Eq. (lOb), which decays like
0(£~1/2) for |£| —» oo, vanishes for finite £ only if in addition
the following approximation is valid

dr
__ -j and = 1

dr
(12)

Mathematically, this is the frozen-field assumption. The
equations which describe the trajectories of the vortices more
realistically are, however

The coefficient b{ still depends on the trajectories of the
vortices and, consequently, is time dependent. The trajec-
tories themselves are given by Hamiltonian equations18 which
may also be derived from

(8)= l i m i - f U - - ^

where the complex flow potential is given by Eq. (5). £k are
the positions of the vortices in the £-plane.

Equation (8) simply means that each vortex moves in the
field due to the velocity induced by all other vortices and in
the field of the superimposed mean flow. For the actual cal-
culations it turns out to be appropriate to solve these equa-
tions not in the £-plane but in the z-plane, where the trajec-
tories Eq. (8) are described by

d£*
dr

dzk

lim _ .A. Io z _ z ]
2m g Z Z* J

P^r]
(9)

with

A(z) = (c2/z)

For further details we refer to von Friedrich-Schroeter.20

In the case of a flow along a semi-infinite plate the general
theory still can be applied as long as the vortices are close to
the trailing edge of the plate even though the plate itself is
not an acoustically compact body. The flow around the trailing
edge of a semi-infinite plate may also be considered as a rough
model describing the interaction of acoustically noncompact
vorticity with the trailing edge of a thin airfoil of finite chord
length.

When the theory is applied to a semi-infinite plate, the
general relations given above can be simplified considerably

r . , , 1 r'lim 0 = £ + -— -7-7

lim p — — ~—: 777
irl^*^ 47Ti £ ,

The K.C. requires

Sl/2 IH (10a)

y7k

(lOb)

(11)

477 £!k ̂

(13)

They do not lead to Eq. (12) when Eq. (11) is fulfilled. There-
fore, neither the requirement of the Kutta condition nor the
frozen-field assumption alone yields vanishing pressure fluc-
tuations.

IV. Sound Field
As has been mentioned before, the sound field (i.e., the

outer flow region) is described by a homogeneous, convected
wave equation, i.e., for the flow potential <£°

(14)

where the superscript 0 refers to the outer flow domain.
Here the outer coordinates are obtained from the inner

ones by x° = U0/a() X; a0 is the speed-of-sound. The solution
of Eq. (14) has to fulfill Sommerfeld's radiation conditions;
furthermore, free constants of the solution can uniquely be
determined from the knowledge of the far-field approxima-
tion of the inner solution by means of the method of matched
asymptotic expansions. For that purpose Eq. (14) is reduced
to an ordinary wave equation

(15)

by a Galilean and Lorentz transform carried out one after
another

X, =

X, = x0, - Mr, X2 = x°2, T = r

X, + MT ,, ^ ^ T= X27 T = MX,

A = a^2
a2

a^2

Here, the source location remains unaffected as long as
terms of the order 0(M2) are negligible. The final solution for
the far-field approximation of the sound field which fits all
conditions imposed is given by

limp = —
1*1^=0 47T

1 1 I
V

tan -?r

\x\ Vf ' - r (16)

where T = f - \X\.
Here we have accounted for the fact that in two dimen-

sions the far-field approximation of the ordinary Green's
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function is21

lim G - —
f - r -

V. Results
In this section numerical results for the far-field approxi-

mation of the inner-flow region are presented.

A. Joukowski Profile
The Joukowski profile, whose interaction with an incoming

vortex has been investigated, is characterized by ZM — —0.05
which yields for the conformal mapping circle radius a = 0.29.
The circulation of the incoming vortex is assumed y() = 1.
The primary vortices start at T — 0 either in £0 = — 5 + 0.5/
or in £0 = — 5 4- 0.25/, respectively, which in both cases
means approximately five chord lengths ahead of the profile.

Figure 3 shows trajectories of the primary vortex in a flow-
field which fulfills the K.C. (solid line) and which does not
fulfill this condition (dashed line). These trajectories are cal-
culated from Eqs. (5), (8), and (9). We realize that in com-
parison with the trajectories without the K.C., the trajectories
with the K.C. turn away from the airfoil. This result agrees

2.0

1.0-

0.0-

-1.0-

-2.0

X2

7b

a) -2.0 -1.0 0.0 1.0 2.0

2.0-

1.0-

0.0-

-1.0-

X2

-2.0-
b) -2.0 -1.0 0.0 1.0 2.0

Fig. 3 Trajectories of the primary vortex with y0 = 1 in flows with
the Kutta condition fulfilled (solid line) and without the Kutta condition
fulfilled (dashed line): a) £0 = -5 + 0.5i, and b) £0 = -5 + 0.25*.

qualitatively well with experimental data obtained by Meier
and Timm.21 Their data are reproduced in Fig. 4.

Figure 5 shows the dipole components [Eq. (7b)] of the
pressure distribution for different starting points £0 of the
vortex. The vortex passes the leading edge approximately at
time r = 4.4, the trailing edge at r = 5.4. The main results
are:

1) For the dipole component in flow direction, the devia-
tions between the values with and without the K.C. are smaller
than between the components normal to the flow direction.

2) The peaks of the fluctuations become more pronounced
when the incoming vortex comes closer to the airfoil. This

Fig. 4 Trajectories of single vortices which pass an airfoil.22 Circu-
lation y0 = 0.65, Mach number M = 0.4, Reynolds number Re =
3.7-105, — — — trajectories (from interferograms), ———— stream-
lines of the steady mean flow (calculated).
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-0.01-

-0.02
0.0 2.0 4.0 6.0 8.0 10.0

0.10-

0.05-

0.00-

-0.05-

-0.10
0.0 2.0 4.0 6.0 3.0 10.0

Fig. 5 Dipole coefficient bt [Eq. (7)] for the mean flow direction (<£
= 0 deg) and the normal direction (<f) = 90 deg) as a function of time
T. y0 = 1; starting point at T = 0: ® £0 = -5 + 0.25i; and (D £0
= -5 -I- 0.5/. ———— No Kutta condition, ———— with Kutta con-
dition.
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result has been expected as the self-induced motion of the
vortex (interacting with its mirror vortex inside the circle)
becomes especially large when the vortex advances the airfoil.
Furthermore (not shown here), the dipole moments increase
with increasing circulation as well.

In Fig. 6 results are compared where 1) the vortices move
along trajectories obtained from Eqs. (5), (6), and (9); 2) the
vortices move along the streamlines fa = const of the steady
mean flow (simply convected); and 3) the vortices move with
the constant nondimensional velocity one [Eq. (12), frozen
field]. While the differences in the dipole coefficients in X2-
direction are small, the ^-components depend strongly on
the chosen trajectories of the vortices. As the frozen-field
assumption has a resemblance with a strong force in the flow,
which keeps the vorticity along pathes X2 = const, the dipole
moment b{ (0 deg) in case 3 is larger than the one in the real
case 1. In case 2, where the vorticity is convected along
streamlines i/^ = const, one gets b{ (0 deg) = 0 in accordance
with the general theory [Eq. (3)].

B. Semi-Infinite Plate
The corresponding results when the incoming vortex passes

the trailing edge of a semi-infinite plate are shown in Fig. 7.

0.03

0.02-

0.01-

0.00

0.0 2.0 4.0 6.0 8.0 10.0

-0.10
0.0 10.0

Fig. 6 Dipole coefficient bl for the mean flow direction (<f> = 0 deg)
and the normal direction (<f> = 90 deg) as a function of time T; Kutta
condition fulfilled; y0 = 1; £0 = -5 + 0.25*: © Vortex y0 moves
along the correct trajectory; @ vortex y0 moves along a streamline of
the steady mean flow; and (D vortex y0 moves with the constant velocity
UJTL = 1 parallel to the mean flow (frozen field).

0.30

0.20-

0.10-

0.00

-0.10-

-0.20-

-0.30
.0 10.0

Fig. 7 Semi-infinite plate. Strength of the cardioid-like pressure dis-
tribution (normalized with 2i7/£1/2) as a function of time r: ® Vortex
y0 moves along the correct trajectory, Kutta condition fulfilled; ®
vortex y0 moves along the correct trajectory, no Kutta condition ful-
filled; and ® vortices moves along the streamlines of the parallel mean
flow, Kutta condition fulfilled (frozen field). The vortex y0 passes the
leading edge at approximately r = 4.4.

Here the pressure distribution has been normalized by
(-47n£1/2). These results validate the theoretical prediction;
the pressure fluctuation with its cardioid-like directivity dis-
tribution obtained from Eq. (lOb) vanishes only if in addition
to the Kutta condition (Eq. 11) the frozen-field assumption
(Eq. 12) is fulfilled. But the results also show that sound
radiation is already considerably reduced when only the Kutta
condition is enforced.

VI. Conclusion
Based on a general theory of low Mach number vortex

noise, theoretical results on sound generation due to the in-
teraction of line vortices with a two-dimensional airfoil and
a semi-infinite plate are presented. It has been shown that
the radiated sound field, especially the one calculated for the
mean flow direction, depends very much on whether a Kutta
condition at the trailing edge of the airfoil or of the plate is
fulfilled or not. In addition, the sound field was found to be
sensitive to the correct description of the trajectories of the
incoming vortex and of the vortex sheet shed from the trailing
edge. The last result implies that in more complex flows,
where it has often been assumed in the literature that the
vorticity passes the airfoil along streamlines of the mean flow
or along straight lines (frozen field), the sound field has not
been calculated correctly.
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